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Analysis of Edge Effect in Large Deflections of Rotationally
Symmetric Membrane Caps
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An analysis of the edge effect in rotationally symmetric membrane caps is carried out using equations correct for
arbitrarily large deflections. General closed-form solutions are obtained and used to demonstrate the protection
of the interior membrane shape from edge deflections observed in numerical solutions reported in the literature.
An alternative asymptotic analysis is also discussed.

Nomenclature
c = constant of integration
D = diameter
E = Young’s modulus
er = radial engineering strain
eθ = transverse engineering strain
F = edge effect stress function
f = focal length
h = membrane thickness
I0 = zeroth-order modified Bessel function of first kind
I1 = first-order modified Bessel function of first kind
q = axial force per projected area
qr = radial force per undeformed area
qz = axial force per undeformed area
q0 = maximum axial loading intensity
r = radial polar coordinate
Tr = Lagrangian radial stress resultant
Tθ = Lagrangian transverse stress resultant
T0 = boundary load
u = radial displacement
u0 = boundary displacement
V = Lagrangian axial stress resultant
W = rigid axial displacement
w = axial displacement
z = axial polar coordinate
z0 = maximum membrane height
α = load parameter
β = geometric parameter
� = cap depth parameter
�R/R = boundary-displacement parameter
�ψ = stress function perturbation
ε = cap depth/loading intensity parameter
θ = transverse polar coordinate
ξ = edge effect coordinate
ν = Poisson’s ratio
σctr = nominal central stress
ψ = stress function
′ = derivative with respect to r
◦ = derivative with respect to ξ
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Introduction

L ARGE deployable space structures are of interest for use as
solar collectors and concentrators, radio frequency and opti-

cal reflectors, and microwave antennas, among other devices. Such
structures often exhibit negligible bending stiffness and, therefore,
can be regarded as membranes. Furthermore, such structures typ-
ically undergo large deflections. An example of the application of
membrane analysis to a current aerospace related problem is pro-
vided by the recent paper by Greschik et al.1 Several other examples
are supplied by the references contained therein.

The problem of predicting the large deflection behavior of mem-
branes was of interest long before the space age. This is both be-
cause of applications, such as the proposed use of inflatable domes
as portable structures during World War II (Bromberg and Stoker2)
and because this problem is inherently nonlinear and, as such, consti-
tutes one of the simplest model problems associated with nonlinear
plate and shell analysis.

The study of large deformations of axisymmetric membranes was
initiated by Hencky3 with contributions continuing to appear until
the present. A representative sample is provided by Refs. 1 and 2;
the papers of Reissner,4 Dickey,5−8 Yang and Feng,9 Smith et al.,10

Chang and Peddieson,11 Fan and Peddieson,12 Foroutan-Naini and
Peddieson,13 Tseng and Peddieson,14 Kyriakides and Chang,15

Khayat et al.,16 Foroudastan and Peddieson,17 Weinitschke and
Grabmüller,18 Khayat and Derdouri,19 and Beck and Grabmüller20;
the report by Rossettos21; and the references cited therein. An
edge effect has been observed for initially curved axisymmetric
membranes. For certain parametric combinations the familiar linear
membrane solution (for instance, by Kraus22) is found to hold every-
where except in the vicinity of a fixed boundary, where deviations
must occur to satisfy the boundary conditions. This can be observed
in numerical results (for instance, in Refs. 1 and 16) and has also
been addressed analytically in Refs. 2, 4, 10, 11, 17, and 21. All
analytical work has been based on equations limited to moderately
large deflections.

The present paper reports an analysis of the edge effect based on a
formulation that is correct for arbitrarily large deflections of a class
of axisymmetric membranes. The simplified equations governing a
uniformly valid first approximation are derived and a closed-form
solution of these equations is obtained. It is shown that this solution
provides another manifestation of the phenomenon of protection of
the interior shape of the deflected membrane from edge displace-
ments illustrated by the numerical solutions of Greschik et al.1 An
alternative (and complementary) approach to analysis of the edge
effect, which generalizes an idea of Dickey,7 is also presented.

Note that, whereas the literature on large deflections of mem-
branes is extensive, the part pertaining to analytical description
of the edge effect in caps is not. In fact, to the knowledge of the
present authors, only five publications2,4,10,11,21 have addressed this
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topic since 1945. Of these, none are based of equations correct for
arbitrarily large deflections, none deal with other than spherical or
conical geometries, only one21 addresses deep caps, and only two2,10

appear in journals.
Because of the lack of publications on analytical description of the

discussed edge effect, Ref. 7 is a welcome addition to the literature.
Although the edge effect is not explicitly mentioned therein, it is
inherent in the analysis. This work (like Refs. 2, 4, 10, and 11) is
limited to moderately large deflections of shallow caps. It was felt,
therefore, to be of interest to both extend this analysis to the same
level of generality as the edge effect analysis reported herein and
demonstrate the connection between the two.

The significance of the present paper is as follows. First, it bases
edge effect analysis on equations correct for arbitrarily large deflec-
tions. Second, it reports a compact (stress function-based) formu-
lation of the edge effect equations for deep caps. Third, it presents
a closed-form solution that is pertinent to configurations other than
spherical and conical. This solution provides an analytical example
of the shape protection phenomenon observed in previous numerical
investigations. Fourth, it extends the alternate asymptotic analysis
of Ref. 7 to equations correct for arbitrarily large deflections and
makes explicit the connection between this approach and the clas-
sical edge effect analysis. All of these things are done (apparently)
for the first time.

Formulation
Figure 1 shows a membrane cap (to borrow the terminology of

Dickey6) that is rotationally symmetric with respect to z. It is conve-
nient to describe the shape of a cap by regarding the polar coordinate
r as the independent variable and expressing the axial polar coordi-
nate z as a function of r as shown.

Many equivalent alternative formulations of the equations de-
scribing arbitrarily large deflections of membrane caps are available.
The present discussion is based on a combination of the formulations
reported by Greschik et al.1 and Dickey.6−8

If the engineering strains defined in Ref. 1 are expressed in
terms of the displacements defined in Ref. 6, the results are the
strain/displacement equations

er = {[(1 + u′)2 + (z′ + w′)2]/(1 + z′2)} 1
2 − 1 (1a)

eθ = u/r (1b)

Greschik et al.1 characterize the mechanical response using consti-
tutive equations that relate the engineering strains to the Lagrangian
(first Poila/Kirchhoff) stress resultants. Strain/stress resultant equa-
tions of this kind have the general forms

er = er (Tr , Tθ ), eθ = eθ (Tr , Tθ ) (2)

If the respective radial and axial equilibrium equations of Ref. 6
are written in terms of the Lagrangian stress resultants, the results

Fig. 1 Geometry and coordinate system.

are{
r(1 + u′)Tr

/
[(1 + u′)2 + (z′ + w′)2]

1
2

}′

+ (1 + z′2)
1
2 (rqr − Tθ ) = 0 (3a){

r(z′ + w′)Tr

/
[(1 + u′)2 + (z′ + w′)2]

1
2

}′

+ (1 + z′2)
1
2 rqz = 0 (3b)

Equations (1–3) contain six unknowns and, thus, constitute a deter-
minate system.

When the surface loads are given per unit of undeformed area, it is
sometimes convenient to employ an alternate formulation involving
a stress function such that

ψ = r(1 + u′)Tr

/
[(1 + u′)2 + (z′ + w′)2]

1
2

ψ ′ = (1 + z′2)
1
2 (Tθ − rqr ) (4)

which satisfies Eq. (3a) identically. Defining an axial stress resultant

V = (z′ + w′)Tr

/
[(1 + u′)2 + (z′ + w′)2]

1
2 (5)

and rearranging Eqs. (4) and (5) yields

Tr = [ψ2 + (r V )2]
1
2 /r, Tθ = ψ ′/(1 + z′2)

1
2 + rqr (6)

(1 + u′)/[(1 + u′)2 + (z′ + w′)2]
1
2 = ψ/[ψ2 + (r V )2]

1
2 (7)

Substituting Eq. (5) into Eq. (3b), integrating once with respect to
r , and enforcing regularity at r = 0 produces

V = −
[∫ r

0

(1 + z′2)
1
2 rqz dr

]/
r (8)

Equation (1a) can be rearranged with the aid of Eq. (7) to read

(1 + er )ψ
/

[ψ2 + (r V )2]
1
2 = (1 + u′)/(1 + z′2)

1
2 (9)

Using Eq. (1b) to eliminate u in favor of er in Eq. (9) and rearranging
the result yields

(reθ )
′ − (1 + z′2)

1
2 ψ(1 + er )

/
[ψ2 + (r V )2]

1
2 + 1 = 0 (10)

which plays a role similar to that of a compatibility equation. Be-
cause qr and qz are known functions of r (surface loads given per
unit of undeformed area), Eqs. (2), (6), (8), and (10) can be com-
bined to create a single second-order differential equation with ψ as
dependent variable. This compact formulation, correct for arbitrar-
ily large deflections, has been achieved at the expense of omitting
from consideration some important loadings (such as pressures) that
cannot be described per unit of undeformed area in terms of r alone.
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For moderately large deflections, of course, the distinction between
loads per unit of deformed and undeformed area disappears (as does
the distinction between various types of stress resultants). Thus, the
moderately large deflection version of Eqs. (1–10) can be thought
of as an extension to deep caps of the compact stress function for-
mulation reported previously for shallow caps.

Edge Effect Analysis
A number of powerful numerical methodologies, such as the AM

code (for axisymmetric deformations and geometries) discussed
by Greschik et al.1 and the FAIM code discussed by Palisoc and
Huang,23 are available for the solution of nonlinear membrane prob-
lems involving general shapes and loadings. Edge effect analysis, by
its very nature, is not general but is meant to apply to a limited set of
shapes and loadings. As discussed in Ref. 1, the difficult numerics
of nonlinear membrane simulations make verification an important
issue, especially for high-precision applications. Numerical prob-
lems are to be anticipated when edge effects exist because of the
associated rapid changes of variables over small distances. It is be-
lieved that the most important role of edge effect analysis currently
is not as an independent simulation tool, but as a contribution to ver-
ification of numerical methods. For this reason, simplifications have
been made in the present work, which reduce generality to maxi-
mize the amount of closed-form solutions obtainable in a simple
manner. These simplifications are to limit the forms of strain/stress
resultant equations considered [Eqs. (2)] to those consistent with
Hooke’s law for plane stress:

er = (Tr − νTθ )/(Eh) (11a)

eθ = (Tθ − νTr )/(Eh) (11b)

(thus eliminating the consideration of wrinkling) and to limit the
surface loadings considered to axial loads per unit of projected area
on the r , θ plane:

qr = 0, qz = q/(1 + z′2)
1
2 (12)

Although the present analysis cannot handle all loadings and con-
stitutive equations, general purpose codes presumably can. Thus,
these codes can be used to solve problems of the types described
herein, and the numerical results can be compared with the closed-
form solutions to be presented subsequently. In this way, the amount
of grid refinement needed to resolve edge effects can be evaluated in
a rational way. Whether the problems employed in this verification
process are completely realistic is not of the utmost importance.

Substituting Eqs. (12) into Eqs. (6) produces

Tr = [ψ2 + (r V )2]
1
2 /r, Tθ = ψ ′/m (13)

where

m = (1 + z′2)
1
2 (14)

Substituting Eqs. (13) into Eqs. (11) and combining the results with
Eqs. (8), (10), and (14) leads to

ψ ′′ + (1/r − m ′/m)ψ ′ − m2ψ/r 2 + m((Eh{1 − mψ/[ψ2 + (r V )2]
1
2}

− ν[(r V )2]′/{2[ψ2 + (r V )2]
1
2 }))/r = 0 (15)

where

V = −
(∫ r

0

rq dr

)/
r (16)

Combining Eqs. (1b), (11b), and (13) produces

u = {rψ ′/m − ν[ψ2 + (r V )2]
1
2 }/(Eh) (17)

whereas combining Eqs. (1a), (11a), and (13) yields

w′ = {{[[m2((1 + {[ψ2 + (r V )2]
1
2 − νrψ ′/m}/(Ehr)))]]2

− (1 + u′)2}} 1
2 − z′ (18)

Once ψ is obtained from solving Eq. (15), the stress resultants are
found from Eqs. (13), the radial displacement is found from Eq. (17),
and the axial displacement is found by integrating Eq. (18) once.

Subsequent work will be facilitated by expressing Eqs. (13–18)
in dimensionless forms. This is accomplished by introducing di-
mensionless variables (denoted by superposed asterisks) through
the equations

r = ar∗, z = �az∗, V = V0V ∗, q = V0q∗/a

ψ = V0aψ∗/�, Tr = V0T ∗
r

/
�, Tθ = V0T ∗

θ

/
�

u = a�2ε2u∗, w = a�ε2w∗ (19)

where

� = z0/a (20a)

ε = [
V0

/
(Eh�3)

] 1
2 (20b)

The parameter � measures the depth of the cap (� � 1 correspond-
ing to a shallow cap), whereas the parameter ε measures a com-
bination of loading intensity and depth (ε � 1 corresponding to a
combination of low loading and large depth).

Substituting Eqs. (19) into Eqs. (13–18) (and, for simplicity, drop-
ping the superposed asterisks with the understanding that all sub-
sequent equations are written in terms of dimensionless quantities)
leads to

ε2[ψ ′′ + (1/r − m ′/m)ψ ′ − m2ψ/r 2]

+ m(({1 − mψ/[ψ2 + �2(r V )2]
1
2 }/�2

− νε2�2[(r V )2]′/{2[ψ2 + �2(r V )2]
1
2 }))/r = 0 (21a)

Tr = [ψ2 + �2(r V )2]
1
2 /r (21b)

Tθ = ψ ′/m (21c)

u = rψ ′/m − ν[ψ2 + �2(r V )2]
1
2 (21d)

w′ = {mr V/[ψ2 + �2(r V )2]
1
2 − z′}/ε2

+ �2V {m − νrψ ′/[ψ2 + �2(r V )2]
1
2 } (22)

where

m = (1 + �2z′2)
1
2 , V = −

(∫ r

0

rq dr

)/
r (23)

Equations (21) reduce to the respective forms

ψ = r V/z′ = ψ0 (24a)

Tr = mψ0/r (24b)

Tθ = ψ ′
0/m (24c)

u = rψ ′
0/m − νmψ0 (24d)

when ε is formally equated to zero. These are the forms consistent
with the usual linear membrane solution (for instance, by Kraus22).
Equation (22) becomes indeterminate for ε = 0. This is resolved by
evaluating the terms multiplied by ε in Eq. (21a) using Eq. (24a),
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solving the resulting algebraic equation for ψ , substituting the so-
lution into Eq. (22), expanding the result for ε � 1, and formally
equating ε to zero in the expression thus obtained to get

w′
0 = −r

[
ψ ′′

0 + (1/r − m ′/m)ψ ′
0

− (m4/r 2 + νmm ′/r)ψ0

]/
(mz′) (25)

This is the correct linear membrane result. Thus, all of the governing
equations reduce to the correct linear membrane forms when an
appropriate limiting process is used for ε � 1 (low loading). The
magnitude of load consistent with low loading increases with the
depth of the membrane. Although not apparent from the present
work, the linear membrane problem is statically determinate and
Eqs. (24) can be obtained in a much more direct way by taking this
into account.

Four previous analytical investigations2,4,10,11 of the edge effect
have been performed for shallow membrane caps. For this situation
� may be formally equated to zero in Eqs. (21) and (22) yielding

ε2(ψ ′′ + ψ ′/r − ψ/r 2) − [z′2 − (r V/ψ)2]/(2r) = 0 (26a)

Tr = ψ/r (26b)

Tθ = ψ ′ (26c)

u = rψ ′ − νψ (26d)

w′ = mr V/(ε2ψ) − z′ (27)

Whereas previous derivations of Eqs. (26) and (27) were based on
equations that had been simplified for moderately large deflections,
the present analysis shows that the same result occurs if this sim-
plification is not made. Note that one of the effects of invoking the
simplifications mentioned at the beginning of this section is to allow
existing edge effect analysis of shallow caps undergoing moderately
large deflections to be extended to deep caps undergoing arbitrarily
large deflections in a straightforward manner.

The development of a solution that is correct for ε � 1 and differs
from the linear membrane solution only in the immediate vicinity
of r = 1 is facilitated by the decomposition

ψ = ψ0 + εF (28)

and the introduction of a new variable ξ through

r = 1 − εξ (29)

This is an example of a singular perturbation problem [because ε
multiplies the highest derivatives appearing in Eq. (21a)] but, be-
cause only a uniformly valid first approximation for ε � 1 is sought
herein, many of the formalities of singular perturbation methods can
be dispensed with.

Substituting Eqs. (28) and (29) into Eq. (21a), expanding all func-
tions in the result containing ε in appropriate Taylor’s series for
ε � 1, and formally equating ε to zero in the final expression yields

◦◦
F − s2 F = 0 (30)

where

s = {z′3(1)/[V (1)m(1)]} 1
2 (31)

Equations (30) and (31) hold for a membrane cap of any shape.
Equation (31) reduces to

s = [z′3(1)/V (1)]
1
2 (32)

for a shallow cap (� � 1). This is consistent with the results of
Refs. 2, 4, 10, and 11. In fact, if the procedure described in the
preceding paragraph is applied to Eq. (26a), Eq. (32) will emerge
directly. Thus, the edge effect analysis of the shallow cap is included
in that for the deep cap.

Solving Eq. (30) and taking into account that the edge ef-
fect should be confined to the immediate vicinity of ξ = 0(r = 1)
produces

F = c exp[−s(1 − r)/ε] (33)

where Eq. (29) has been used. Substituting Eq. (33) into Eq. (28)
yields

ψ = ψ0 + εc exp[−s(1 − r)/ε] (34)

which is a uniformly valid first approximation for the stress function.
Substituting Eq. (34) into Eqs. (21) and (22), expanding all quantities
containing ε (except exponentials) in appropriate Taylor’s series for
ε � 1, and retaining only those associated with the linear membrane
solution and the largest corresponding edge effect term yields

Tr = mψ0/r + εc exp[−s(1 − r)/ε]/m(1) (35a)

Tθ = ψ ′
0/m + cs exp[−s(1 − r)/ε]/m(1) (35b)

u = rψ ′
0/m − νmψ0 + cs exp[−s(1 − r)/ε]/m(1) (35c)

w′ = −r
[
ψ ′′

0 + (1/r − m ′/m)ψ ′
0 − (m4/r 2 − νmm ′/r)ψ0

]/
(mz′) − cs2 exp[−s(1 − r)/ε]/[εm(1)z′(1)] (35d)

The constant c is found by specifying some combination of Tr and
u at r = 1. The simplest cases are

Tr (1) = T0, u(1) = u0 (36)

for which c assumes the respective forms

c = m(1)[T0 − m(1)ψ0(1)]/ε (37)

c = [
m(1)u0 − ψ ′

0(1) + νm2(1)ψ0(1)
]/

s (38)

The integration of Eq. (35d) will produce one additional constant,
which is found from

w(1) = 0 (39)

Note that the edge effect on which the present work is predicated
will occur for a prescribed radial stress resultant at the boundary
only if the difference between this quantity and its linear membrane
counterpart is small.

Equations (35) hold for any cap shape, any radial support condi-
tions, and any axial force resultant produced by an axial loading per
unit of projected area. An interesting special case is discussed next.

Representative Results
As a concrete example of the solution just obtained, consider

q = rα, z = 1 − r β (40)

where α ≥ 0 and β ≥ 1. The corresponding load nondimensionaliz-
ing factor appearing in Eqs. (19) is V0 = aq0. Combining Eqs. (23),
(24a), (31), (35), (37), (38), and (40) leads to

Tr = [1 + (�βrβ − 1)2]
1
2 rα − β + 2/[(α + 2)β]

+ εc exp[−s(1 − r)/ε]/[1 + (�β)2]
1
2 (41a)

Tθ = (α − β + 3)rα − β + 2/{(α + 2)β[1 + (�βrβ − 1)2]
1
2 }

+ cs exp[−s(1 − r)/ε]/[1 + (�β)2]
1
2 (41b)

u = {(α − β + 3)/[1 + (�βrβ − 1)2]
1
2

− ν[1 + (�βrβ − 1)2]
1
2 }rα − β + 3/[(α + 2)β]

+ cs exp[−s(1 − r)/ε]/[1 + (�β)2]
1
2 (41c)
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w′ = {(α − β + 3)2/[1 + (�βrβ − 1)2]
1
2

− [1 + (�βrβ − 1)2]
3
2 }rα − 2β + 3/[(α + 2)β2] + {(α − β + 3)/

[1 + (�βrβ − 1)2]
3
2 + ν/[1 + (�βrβ − 1)2]

1
2 }�2(β − 1)rα + 1/

(α + 2) + cs2 exp[−s(1 − r)/ε]/{β[1 + (�β)2]
1
2 ε} (41d)

where

s = {(α + 2)β3/[1 + (�β)2]
1
2 } 1

2 (42)

c = [1 + (�β)2]
1
2

{
T0 − [1 + (�β)2]

1
2

/
[(α + 2)β]

}/
ε (43)

when the edge radial stress resultant is specified, whereas

c = ((
[1 + (�β)2]

1
2 u0 − {α − β + 3 − ν[1 + (�β)2]}/

[(α + 2)β]
))/

s (44)

when the edge radial displacement is specified. Although Eqs. (41–
44) are formally correct for all values of α ≥ 0 and β ≥ 1, note that
regularity at r = 0 is maintained only for certain combinations of α
and β.

The indicated integration of Eq. (41d) required to determine the
axial displacement w cannot be carried out in closed-form for arbi-
trary values of α, β, and �. Three situations for which closed-form
integration is possible are � = 0 (shallow cap) for which

w = −(((α − β + 2)(α − β + 4)(1 − rα − 2β + 4)/[(α + 2)(α − 2β

+ 4)β2] + c[(α + 2)β]
1
2 {1 − exp[−s(1 − r)/ε]})) (45a)

with

s = [(α + 2)β3]
1
2 (45b)

and β = 1 (conical cap) for which

w = −(([1/(1 + �2)
1
2 − (1 + �2)

3
2 (α + 2)2](1 − rα + 2)

+ c(α + 2)
1
2 {1 − exp[−s(1 − r)/ε]}/(1 + �2)

1
4 )) (46a)

with

s = (α + 2)/(1 + �2)
1
2 )

1
2 (46b)

and α = 0 and β = 2 (uniformly loaded paraboloidal cap) for which

w = (((1 + ν){[1 + (2�)2]
1
2 − [1 + (2�r)2]

1
2 } + 1/[1 + (2�r)2]

1
2

− 1/[1 + (2�)2]
1
2 ))/8 + [(1 + (2�)2]

3
2 − [1 + (2�r)2)

3
2 ]/24

− 2c{1 − exp[−s(1 − r)/ε]}/[1 + (2�)2]
3
4 (47a)

with

s = 4/[1 + (2�)2]
1
4 (47b)

Greschik et al.1 investigated the effects of radial edge displace-
ments on paraboloidal caps characterized by a focal length f , a
diameter D, and a nominal stress at the cap’s center σctr. In the
present notation

� = D/(8 f ), ε = (16 f/D)(σctr/E)
1
2 (48)

Figure 2 shows the parametric combinations considered in Ref. 1 and
the corresponding parametric combinations in the present notation.
The shaded part of Fig. 2 identifies the values of ε that it was felt
could legitimately be regarded as small. It is only for these cases
that the present analysis has validity.

Fig. 2 Dimensionless Δ and ε vs dimensionless parameters f /D and
σctr/E.

Greschik et al.1 characterized radial edge displacements by a pa-
rameter �R/R. In the present notation, the maximum absolute value
of the radial edge displacement is

|u0|max = 8|�R/R|/(�ε)2 (49)

Note that there are two differences between the problem under
consideration here and that discussed in Ref. 1. First the loading in
the present case is an axial force per unit of projected area, whereas
that of Ref. 1 is a normal force per unit of deformed area (pres-
sure). These loadings are not equivalent for the larger values of �
shown in Fig. 2. Second, the present work deals with caps having
initial paraboloidal shape, whereas that of Ref. 1 is concerned with
caps having final paraboloidal shape. Thus, complete correspon-
dence between the present results and those reported by Greschik
et al.1 is not expected. Parametric combinations suggested in Ref. 1
are employed here merely as representative of a current aerospace
application.

For α = 0 and β = 2 the combination of Eqs. (41a–41c), (44), and
(47) leads to

Tr = [[
[1 + (2�r)2]

1
2 + ε[1 + (2�)2]

1
4

((
u0 − {1/[1 + (2�)2]

1
2

− ν[1 + (2�)2]
1
2 }/4

))
exp ((−4(1 − r)/{[1 + (2�)2]

1
4 ε}))]]/4

(50a)

Tθ = [[
1/[1 + (2�r)2]

1
2 + ((

4u0 − {1/[1 + (2�)2]
1
2

− ν[1 + (2�)2]
1
2 })) exp ((−4(1 − r)/{[1 + (2�)2]

1
4 ε}))]]/4

(50b)

u = [[{1/[1 + (2�r)2]
1
2 − ν[1 + (2�r)2]

1
2 }r

+ ((
4u0 − {1/[1 + (2�)2]

1
2 − ν[1 + (2�)2]

1
2 }))

× exp ((−4(1 − r)/{[1 + (2�)2]
1
4 ε}))]]/4 (50c)

w = [[
(1 + ν){[1 + (2�)2]

1
2 − [1 + (2�r)2]

1
2 } + 1/[1 + (2�r)2]

1
2

− 1/[1 + (2�)2]
1
2 + {[1 + (2�)2]

3
2 − [1 + (2�r)2]

3
2 }/3

− ((
4u0 − {1/[1 + (2�)2]

1
2 − ν[1 + (2�)2]

1
2 }))

× ((1 − exp{−4(1 − r)/[1 + (2�)2]
1
4 ε}))]]/8 (50d)
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Equations (20) and (50) [and, of course, the more general Eqs. (41)
of which Eqs. (50) are special cases] illustrate analytically several
important trends. The exponentials appearing in Eqs. (50) are as-
sociated with the edge effect. All terms containing the radial edge
displacement u0 are multiplied by such exponentials in Eqs. (50a–
50c). Thus, the central region in which the stress resultants and radial
displacements are unaffected by radial edge displacements (unaf-
fected region) decreases with increasing ε. According to Eq. (20b),
the unaffected region is minimized for shallow caps and high loads.
Equation (50d), on the other hand, contains a factor of −u0/2 not
multiplied by an exponential. This represents a rigid axial displace-
ment of the unaffected region with no shape change. Thus, the edge
effect protects the shape of the unaffected region from radial edge
displacements.

The trends discussed in the preceding paragraph were deduced
by Greschik et al.1 from their numerical solutions. The numerical
and analytical approaches are complementary in the sense that the
former is not limited to small values of ε, whereas the latter is
capable of producing explicit results (ε proportional to V 1/2

0 and
�−3/2, rigid axial displacement equal to −u0/2, etc.). Recall that
the loading employed here is different than that considered in Ref.
1. This suggests that the basic elements of edge effect behavior are
pertinent to a variety of loadings.

Figures 3–10 show representative numerical results based on
Eqs. (50) corresponding to the entry in the upper left-hand cor-
ner of Fig. 2 and ν = 0.3 (to be consistent with Ref. 1). Figures 3–6
show results for the edge fixed against radial displacement, whereas
Figs. 7–10 show the effect of imposing the largest outward and in-
ward radial edge displacements as determined from Eq. (49) based
on the value �R/R = 0.0024 given in Ref. 1. In Figs. 3–5, the linear
membrane (LM) solution is identified. Two versions of the LM axial
displacement are given in Fig. 6. The first (LM1) corresponds to van-
ishing of the edge radial displacement, whereas the second (LM2)
corresponds to vanishing of the edge tangential displacement. This
illustrates the fact that (unlike the LM results for the stress resultants
and the radial displacement) the LM solution for the axial displace-
ment depends on the form of boundary support. It is version LM2,
incidentally, that is normally presented in standard references such
as Kraus.22

It can be seen that values of the stress resultants and the radial
displacement conform to the LM solution except in the immedi-

Fig. 3 Radial stress resultant profiles, f /D = 0.25, σctr/E = 1.5625 ××
10−4, and u0 = 0.

Fig. 4 Transverse stress resultant profiles, f /D = 0.25, σctr/E =
1.5625 ×× 10−4, and u0 = 0.

Fig. 5 Radial displacement profiles, f /D = 0.25, σctr/E = 1.5625 ××
10−4, and u0 = 0.

ate vicinity of the edge for all radial edge displacements. The axial
displacement in the interior of the cap is affected by radial edge dis-
placements, but the effect is equivalent to a rigid axial displacement:

W = −u0/2 + {1/[1 + (2�)2]
1
2 − ν[1 + (2�)2]

1
2 }/8 (51)

[as can be seen from Eq. (50d)].
The Tθ results corresponding to the inward radial edge displace-

ment show a compression region. These predictions are unrealis-
tic for the types of membranes used in aerospace applications in
which wrinkling (not included in the present model), rather than
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Fig. 6 Axial displacement profiles, f /D = 0.25, σctr/E = 1.5625 ××
10−4, and u0 = 0.

Fig. 7 Radial stress resultant profiles, f /D = 0.25 and σctr/E =
1.5625 ×× 10−4.

compression, would occur. Such results could be realistic, however,
for the concrete caps used in structural applications.

Conceptually, it is not difficult to incorporate a wrinkling model
into a membrane deformation analysis. One way of doing this is
discussed by Greschik et al.1 It was felt, however, that the inclu-
sion of a wrinkling model would unduly complicate the edge effect
analysis, which is the primary subject of the present paper. For this
reason, a wrinkling model was omitted herein.

Alternate Asymptotic Analysis
Dickey,7 in the context of moderately large deflections of shallow

caps, proposed a set of linear equations containing the edge effect. A

Fig. 8 Transverse stress resultant profiles, f /D = 0.25 and σctr/E =
1.5625 ×× 10−4.

Fig. 9 Radial displacement profiles, f /D = 0.25 and σctr/E = 1.5625 ××
10−4.

method similar to that in Ref. 7 is applied to Eqs. (21) and (22) in this
section. The resulting linearized equations serve as an alternative to
the edge effect formulation discussed earlier.

The starting points of the linearization are the decomposition

ψ = ψ0 + �ψ (52)

and the assumption �ψ � ψ0. Thus, the linearization is being per-
formed about the LM solution. Substituting Eq. (52) into Eqs. (21)
and (22), consistently expanding all nonlinear terms for �ψ /ψ0 � 1,
neglecting all terms nonlinear in �ψ /ψ0, and eliminating �ψ in
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Fig. 10 Axial displacement profiles, f /D = 0.25 and σctr/E = 1.5625 ××
10−4.

favor of ψ from the final results using Eq. (52) leads to

ε2[ψ ′′ + (1/r − m ′/m)ψ ′ − m2ψ/r 2] + z′{z′(1 − ψ/ψ0)

+ νε2�2(z′ψ0)
′[ψ/ψ0 − (1 + m2)]/m}/(mr) = 0 (53a)

Tr = [ψ + (m2 − 1)ψ0]/(mr) (53b)

Tθ = ψ ′/m (53c)

u = {rψ ′ − ν[ψ + (m2 − 1)ψ0]}/m (53d)

w′ = z′(((1 − ψ/ψ0)
/

(mε)2 + �2{mψ0/r

+ ν
[
ψ ′

0(ψ/ψ0 − 1)
/

m2 − ψ ′]/m})) (53e)

Equations (53) constitute the linearized forms of Eqs. (21) and (22)
and generalize the analysis reported by Dickey7 to a formulation
correct for deep caps, arbitrarily large deflections, and axial loads
per unit of projected area. It can be shown, by taking appropriate
limits, that Eqs. (53) contains both the LM equations and the edge
effect equations developed earlier. The formulation described by
Eqs. (53) is, thus, an alternative to that discussed earlier.

Equation (53a) is linear with variable coefficients. Numerical so-
lutions of Eq. (53a) can, therefore, be carried out without iteration.
This makes Eq. (53a) a useful model equation to test the ability of
proposed numerical methods to deal with the edge effects expected
for ε � 1. Such tests can play an important role in the verification
of computational approaches. In addition, Eq. (53a), being formally
valid for any value of ε, can be used to study the range of values of ε
for which the edge effect formulation would be of utility. A specific
example of this kind is discussed next.

Consider the closed-form solution to Eq. (53) reported by Dickey7

for α = 0, β = 2, and � � 1 (shallow paraboloidal cap subjected to
uniform loading). For the special case of an edge fixed against radial
displacement, the results of Ref. 7 (written in the present notation)
reduce to

Tr = {1 − (1 − ν)ε I1(4r/ε)/(4r)/[I0(4/ε) − ε(1 + ν)I1(4/ε)/4]}/4

Tθ = {1 − (1 − ν)[I0(4r/ε) − ε I1(4r/ε)/(4r)]/[I0(4/ε)

− ε(1 + ν)I1(4/ε)/4]}/4

u = (1 − ν)r{1 − [I0(4r/ε) − ε(1 + ν)I1(4r/ε)/(4r)]/[I0(4/ε)

− ε(1 + ν)I1(4/ε)/4]}/4

w = (1 − ν)[I0(4/ε) − I0(4r/ε)]/{8[I0(4/ε) − ε(1 + ν)I1(4/ε)/4]}
(54)

Formally expanding Eqs. (54) for ε � 1 using the appropriate
asymptotic forms of I0 and I1 for large arguments produces

Tr = {1 − ε(1 − ν) exp[−4(1 − r)/ε]/4}/4

Tθ = {1 − (1 − ν) exp[−4(1 − r)/ε]}/4

u = (1 − ν){r − exp[−4(1 − r)/ε]}/4

w = (1 − ν){1 − exp[−4(1 − r)/ε]}/8 (55)

Equations (55) are written so that the first term of each is the LM
solution, whereas the second is the largest edge effect correction. All
terms containing exponentials have been simplified by recognizing
that they will vanish except in the immediate vicinity of r = 1 for
ε � 1 and simplifying all other functions of r appearing therein
accordingly. Doing this creates expressions that all are identical
to the special cases of Eqs. (50) corresponding to α = 0, β = 2,
u0 = 0, and � � 1. Comparison of Eqs. (54) and (55) can provide
information about the upper limit of ε for which the latter will
provide a reasonable approximation to the former.

Conclusions
An analysis of the edge effect in membrane cap axisymmetric

deformations was carried out based on equations that are correct
for arbitrarily large deflections of caps exhibiting a form of linearly
elastic response and subjected to axial loads per unit of projected
area. It was shown that the problem could be formulated to produce
a single nonlinear ordinary differential equation governing a stress
function and that this formulation provided a convenient context
for extending the edge effect analysis initiated by Bromberg and
Stoker2 using equations correct for moderately large deflections of
shallow caps to equations correct for arbitrarily large deflections of
deep caps.

It was found that the edge effect analysis facilitated the develop-
ment of rather general closed-form solutions for arbitrary cap shapes
and loadings. A subclass of these solutions was used to provide an
analytical example of the phenomenon of protection of the interior
shape of the membrane from edge displacements observed in pre-
vious numerical solutions and to demonstrate that this phenomenon
is insensitive to the details of loading.

As an alternative to edge effect analysis, a different asymptotic
analysis, suggested by Dickey,7 was extended to equations correct
for arbitrarily large deformations. A consistency was demonstrated
between the results of the two methodologies, and ways in which
both could be used as parts of the verification process for numerical
methods were discussed.
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